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We suggest to interface nanomechanical systems via an optical quantum bus to atomic ensembles,
for which means of high precision state preparation, manipulation and measurement are available.
This allows for a Quantum Non-Demolition Bell measurement, projecting the coupled system atomic
ensemble - nanomechanical resonator into an entangled state. The entanglement is observable even
for nanoresonators initially well above their ground states and can be utilized for teleportation of
states from an atomic ensemble to the mechanical system. Because of the rich toolbox readily
available for both of these systems, we expect the interface to give rise to a variety of new quantum

protocols.
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Opto- and electro-nanomechanical systems ﬂ], repre-
senting cold high-Q oscillators coupled to optical cavities
or electrical circuits, are rapidly approaching the reglme
where quantum aspects are important E %
remains one of the key challenges of nanomechanlcs to
develop both the tools for a preparation and manipula-
tion of quantum states as superposition and entangled
states, and implement quantum measurements. Moti-
vated by the remarkable achievements with atomic en-
sembles ﬂ& B, , @], which allow for high-fidelity prepa-
ration and readout, and laser manipulation of atomic
states as long-lived quantum memory, we propose be-
low a quantum interface between atomic ensembles and
opto-mechanical systems, where light plays the role of a
quantum bus.

The coupling of an atomic ensembles to light can in
many cases be described in terms of two bosonic modes.
Field operators [a,,al] = 1 correspond to a cavity mode
or a propagating pulse. For an ensemble of two level
atoms the mode operators [a,,al] = 1 describe collec-
tive excitations on top of a fully polarized initial state.
In this system it is possible to engineer a number of im-
portant interactions, e.g. the beam splitter Hamiltonian
Hps o ala. + a, aT used for coherent storage and re-
trieval of hght ﬂa and the down-conversion Hamiltonian
Hpc «< a,a. + aaal, used in combination with single
photon detectlons for probabilistic generation of light-
ensemble and ensemble-ensemble entanglement ﬂﬂ] Of
particular relevance for the following is

al)(a — af), (1)

where the first term takes into account a possible en-
ergy splitting 2 of the two atomic levels, which can
be positive or negative. For degenerate levels, H,. re-
duces to the quantum non-demolition (QND) interaction
Hqonp = Hps — Hpc, used for QND measurements of
atomic spins B The full Hamiltonian H,., in combina-

H,.=Qala, + \a, —

tion with homodyne detection of light and feedback on
atoms, was used for creation of entanglement of two en-
sembles coupled to a common mode of light, for demon-
stration of quantum memory and teleportation of states
of light to an atomic ensemble E]

On the other hand, in a system of a nanomechanical
oscillator coupled to a coherently driven optical cavity an
effective Hamiltonian

Hmc—wma am—éa a, + g(a,, +al )(ac—l—ai), (2)

can be realized, where operators [a,,,al ] = 1 describe
the mechanical oscillator, wy, is its frequency and ¢ is the
laser detuning from the cavity resonance. For 6 = —wy,
an interaction of the type Hpg can be tuned to resonance
and lies at the heart of laser cooling of mechanical oscil-
lators E, E], while for § = wy, a Hamiltonian of the type
Hpc becomes effective and gives rise to entangling in-
teractions studied in HE] For resonant drive § = 0, we
arrive at a Hamiltonian, which is formally equivalent to
H,., and was used for feedback cooling of the mechanical
resonator [11].

Given the striking parallels between the two systems
and the rich toolbox of interactions and measurements,
interfacing them seems to be a promising endeavor. We
show here that interactions () and (@) can indeed be
favorably combined and develop a quantum protocol for
the implementation of Bell-, and QND measurements,
and thus for the generation of entangled states and tele-
portation in the coupled nano-oscillators - atomic system.
We take advantage here of the fact that an inverted har-
monic oscillator can be realized in () (for Q < 0), some-
thing wich is obviously not possible in (2]). Remarkably,
the present protocol does not require ground state cool-
ing of the nanomechanical resonator and avoids holding
atoms close to surfaces or inside cavities. This has to be
seen in contrast to other theoretical studies on coupling
of atomic ensembles to nanoresonators ﬂﬁ, ] Treut-
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lein et al. ﬂﬂ] suggest to use direct, Zeeman coupling of
an ensemble to a nanoresonator carrying a magnetic tip
for observing cantilever induced spin flips, and Genes et
al. ] perform steady state entanglement studies of a
coupled atomic ensemble - cavity mode - nanoresonator
system.

We start with derivation of the opto-mechanical (2I)
and the light-ensemble interaction (). Based on this, we
show how they can be combined, as shown in Fig[Th, to
realize a QND-Bell measurement. As an application we
briefly discuss a protocol for teleportation of quantum
states, e.g. the ground state, of an atomic ensemble onto
the mechanical resonator. We conclude with experimen-
tal case studies for two possible setups.

In the opto-mechanical system the fundamental inter-
action is due to radiation pressure ﬂﬂ] or dispersive forces
ﬂa] In either case the interaction is V = goala,Xm,
where g9 = (zo/L)w. and z( is the mechanical oscilla-
tor ground state spread, L the cavity length and w, its
frequency. If the cavity is driven by a resonant pulse of
duration 7 > 1/~., where 7, is the cavity decay rate, and
power P = Npphw/7T containing a total number Ny}, of
photons, a steady state amplitude o = /Npn /77 builds
up and the dynamics can be linearized giving an effective
interaction Vog = gz Xm as in ([2)), where ¢, p. describe
fluctuations of the cavity field, see @] From Hamilto-
nian @) the evolution is given by

Pe = —YePe =V 2% Pin — 9 Xm,

where [2i,(t), pin(t')] = i0(t — ') denotes vacuum noise.
Assuming v. > g, w,, we adiabatically eliminate the cav-
itﬁ mode and arrive at the cavity input-output relations
15]

Te = —VeTe =\ 29 Tin,

Pout = —Pin — 9 2/FYcXm (3)

LTout = —Lin,

The output field will contain Stokes- and Antistokes-
sidebands at +wy,, which are correlated to the mechan-
ical resonator. It is interesting to note that the number
of sideband-photons generated in a time 7 is roughly on
the order of ~ ¢*7/v. = (go/7c)?*Npn =~ 1 for realistic
parameters as given below.

As indicated in Fig[lh the beam leaving the cavity in-
teracts with an ensemble of N,; atoms, with a relevant
level scheme shown in Fig[Ib. This configuration gives
rise to Faraday interaction HE], which is described by a
Hamiltonian H o« J,S, for atoms in a cavity supporting
two polarization modes [a,,al] = i (i,j = x,y). Here

iy
J. = Ef\’:“{ ol /2 is the collective ground state spin, with
Pauli matrix o? for atom i, and S, = —i(ala, —aja,)/2

is a Stokes vector component. Assuming all atoms are
initially polarized along z, i.e. (J,) = Nut/2, it is possi-
ble to introduce scaled variables X, = Jy,/+/(Jz), Pa =
J./\/(Jy) fulfilling approximately canonical commuta-
tion relations, [X,, P,] = iJ,/(J;) ~ i. Correspond-
ingly, the free Hamiltonian describing Zeeman splitting
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FIG. 1: (a) Schematic of setup: Light interacts first with a
mechanical oscillator and then with an atomic ensemble, in a
magnetic field B, before it is subject to homodyne detection.
A filter (box) phase shifts the coherent carrier and rotates its
polarization with respect to the quantum fields in the side-
bands, see text. (b) Atomic level scheme: Atoms are pumped
into state +1/2 of a spin j = 1/2 ground state, Zeeman split
by Q. Light of frequency w., propagating along z and linear
polarized along x (double arrows) drivesa j = 1/2 — j' = 1/2
transition, off resonantly with a detuning A > Q. Via virtual
transitions y-polarized photons are generated (or absorbed) at
sideband frequencies we + 2 (thin arrows) along with atomic
transitions +1/2 < —1/2.

Z172 L +1/2

is Hy = QJ, = —(2/2)(X2 + P?), where the minus sign
is due to the fact that atoms are pumped to the energet-
ically higher lying state cf. Fig[Ib. For light we assume
a large coherent amplitude for z-polarization, (a,) = «,
such that S, ~ —ia(a, — af)/2 o pe. Overall, we arrive
at the Hamiltonian (). As before, adiabatic elimination
of the cavity mode will yield input-output relations

Tout = T'in + K 2/7-Pa7 Pout = P'in-

Detailed descriptions HE] show that these equation still
hold for atomic ensembles interacting with a propagat-
ing pulse in free space. In this case 7 is the pulse length
and k2 = (6T JAA)? Not Npp, where T is the spontaneous
decay rate, A the detuning, o the scattering- and A
the beam-cross section). Also here the number of pho-
tons scattered into sideband modes, cf Fig[lb, is approx-
imately ~ k2 ~ 1 for realistic parameters.

We now assume that — in the sense of cascaded quan-
tum systems HE] — the cavity output provides the input
to the light-atoms interaction such that %, = —pout and
D'in = Tout- Lhis requires, firstly, that the coherent pulse
at frequency w, is rotated in polarization by 90° relative
to its sideband components at w. + wy, and, secondly,
that the polarization components are phase shifted by
/2 relative to each other. This can be achieved by sepa-
rating the optical carrier and the sidebands with an aux-
iliary optical cavity and then performing the required
rotations and shifts. Note that because the sidebands
will be measured by homodyning with the carrier, the
extinction ratio for the carrier at a percent level is suffi-
cient. Alternatively, birefringency can be introduced in
the nanomechanical cavity by, for example, a controlled
stress of a mirror. As will soon become clear, an im-
portant requirement in the present protocol is to choose
parameters such that

"V 2/T = 9V 2/ e, (4)



which can be fulfilled experimentally as indicated below.
Under these conditions the overall input-output relations
become

Tout = Pin + R/ 2/7-(Xm + Pa)v

Thus light reads out the combined so-called EPR (for
Einstein-Podolsky-Rosen) variable Xy, + P, [17]. In the
next paragraph we will show that this in fact provides
a QND measurement HE] of a commuting pair of EPR
variables, as in E] for two atomic ensembles.

To see this, we need to study the evolution of mechan-
ical and collective spin variables. From the discussion
above it follows straight forwardly that the mechanical
oscillator evolves as,

Pout = —Tin- (5)

. . /2
Xm:wmpma Pm:_mem_ng:_mem+g — Tin,
Ye

where in the last equality the cavity mode was again adi-
abatically eliminated. In these equations we neglect the
decay of the oscillator. We assume the whole protocol
happens on a time scale ~ 7 such that 7yy,ng < 1,
where vy, is the mechanical damping rate and ny, =
kpT/hwy is the mean occupation in thermal equilibrium
at temperature T'. If this condition is met decay can be
treated perturbatively, as will be done below. Transverse
atomic spin components evolve as

X, =—-QP, + ip/im =-QPF, — m\/gacin, P, = QX,.
VT T

Decoherence due to spontaneous emission can be kept

small for sufficient optical depth HE] and will be included

perturbatively further below. Using again condition (4]

and taking in addition wy, = €2, we finally arrive at

4 (Xm+Pa)=Q(Pu+Xa), L(Pu+Xa)=—Q(Xm+P,).

In this closed set of equations of motion for commuting
EPR observables P, + X, and X,, + P, back action ef-
fects of light are canceled out. This establishes the QND
character of the present interactions.

The QND signal lies essentially in the Fourier

components at frequency € of the in-phase
component  xiyuy- For the mnormalized observ-
ables %% = V2/7 [ dtcos(Qt)zbue(t)  and
o = \/2/7 ) dtsin(Qt)xbu(t) one readily finds

the input-output relations,
o =25 K (Pt Xa)in, 2oy = 25+ (Xt Pa)in, (6)

with appropriate definitions for the in-components
xi:rc‘)s(sin). We assume here 7 > 1 such that cosine and
sine components can be taken as independent variables.

This QND measurement leaves the mechanical res-
onator and the collective spin in a state, where the EPR
operators Py, + X, and X, + P, have a reduced uncer-

tainty as compared to their initial variance, conditioned

on the respective measurement results cog(sin) Of :vic‘gs(sin).
An unconditionally reduced variance can be achieved by
a feedback operation on the atomic spin, e.g. via fast rf
pulses causing appropriate tilt of the spin, generating a
displacement X, — X, — g€cos, Pa — Pa — g&sin with a
suitable gain ¢g. In the ensemble average this generates
a state, whose statistics is described by the input-output
relations [19]

(Pm + Xa)out = (Pm+ Xa)in - ng(fft (7)
= (1 - gﬁ)(Pm"' Xa)in - gw;:gs?
(Xm + Pa)out = (1 - g’{)(Xm_F Pa)in - gxlsrl]n

Our aim is to minimize this variance with respect to the
feedback gain ¢g. As initial state of the systems, we as-
sume vacuum for light modes, the ground (fully polar-
ized) state for the collective spin and an initial thermal
occupation 7; for the mechanical resonator. In thermal
equilibrium n; = ngy, but in principle n; can be reduced
by initial laser cooling E, E] The minimal variance

APy + X2y + AKXy + P2y = ———— (8)

m + 2k
is the main result of this paper.

Its importance is due to the fact that the inequality
A(Py + Xa)2u + A(Xi + Pa)2, < 2 constitutes a suf-
ficient — and for the present case of Gaussian states also
necessary — condition for entanglement between the me-
chanical resonator and the atomic ensemble m] Re-
markably, there is no fundamental limit on observable
entanglement due to initial thermal occupation nj, as
2[(1 + ni)~! + 2k%]71 < k72, Thus, even for moder-
ate values of k 2 0.5, achievable as outlined below, the
present protocol provides an entangled state independent
of the initial thermal occupation of the nanomechanical
resonator. Some intuition for this effect can be gained
from the observation, that a strong QND measurement
Kk — oo asymptotically realizes a projective measurement
on the system, collapsing it to a pure, maximally entan-
gled EPR state. There are of course other limiting fac-
tors, which we will discuss below. For now, we just want
to point out that thermal excitations merely restrict the
tolerable duration of the protocol and the life time of
entanglement.

The entanglement created here can be used in particu-
lar for a teleportation protocol for quantum states carried
by an atomic ensemble onto the mechanical resonator.
Assume we first prepare an entangled state characterized
by Eq.[8) and a second, additional atomic ensemble in
a coherent state with amplitudes (Xa2), (Pa2). A QND
Bell measurement on the two atomic ensembles is per-
formed, as demonstrated in E] The result of such a mea-
surement is essentially given by Eqs.(@) with (P + Xa)
and (X, + P,) replaced by (P, + Xa2) and (X, + Pag)
respectively. An appropriate feedback, via e.g. piezo-
electric or radiation pressure displacement of the mirror,



will complete the teleportation and generate a state,

XD = X, g[a50+ m(Pa + Xa2)] = X + Pa + Xao,

n

PP = Pyt gla5 + k(X + Pag)] = P + Xa + Pa.

n

Here k and g denote strength of QND interaction and
feedback gain in the Bell measurement on the two atomic
ensembles. The second equalities of both lines are valid
in the asymptotic limit k — oo, g — 0 while kg = 1,
which essentially requires a large optical depthﬂﬁ]. Am-
plitudes are thus transmitted correctly, (Xpn) = (Xa2)
etc., and the amount of added noise, A(X,, + P,)? etc.,
follows from Eq.(®). For x ~ 1 this is approximately one
unit of vacuum noise in each variable, corresponding to a
fidelity of 2/3. As a side mark, we note that this implies
the intriguing possibility to cool a mechanical resonator
by teleporting the ground state onto it. A similar obser-
vation was already made by Mancini et al. ﬂﬁ], albeit in
a different setting.

We turn to the discussion of losses and decoherence.
The dominant impairing effects, are (i) number mismatch
in Eq.@), (i) loss of light and detection inefficiency,
spontaneous emission in light-atom interactions and (iii)
thermalization of the mechanical oscillator. Ad (i), it
is straight forward to derive, that a nonzero mismatch
e = (RNT —g/\/7e)/(kNT + g/\/7c) will give rise to ad-
ditional terms in the variance of EPR variables (&) scaling
in leading order as [ex(7; +2)]? i. For x 2 1 a mismatch
of € ~ 1/107; is tolerable. Effects due to processes (ii)
and (iii) can be treated perturbatively as linear losses, as
we exemplify for damping of the resonator: In the course
of the interaction the state of the resonator will undergo
damping at a rate vy, and provided 1,7 < 1 e.g. Eq.([@)
will generalize to

(Pm+Xa)out = (\/ 1- ’YmTPm""Xa)in"i_\/ ’YmTme _gxgib{:’

where fx,_ is a Langevin operator for thermal noise,
(f%.) = (i + 1). The variance will thus receive an
additional term vy, 7(74n + 1), such that we have to re-
quire 7 < 1/ymfen = Qmh/kpT for a quality factor
Qm = Wm/Ym. In a similar vein one can treat losses
(ii), which have the advantageous property that the cor-
responding noise is, to a good approximation, vacuum
noise. This will reduce, but not remove the entangle-
ment created in this protocol.

The suggested protocol can be realized with current
technology. We consider two possible setups, in which
the nanomechanical resonator is used either as one of the
mirrors of a Fabry-Perot cavity E] or as a dispersive ele-
ment in a rigid cavity ﬂa] Assuming that x ~ 1 and that
condition (@) can be matched within an error of e = 0.01
we need 7; < 30. This can be achieved for high wy, at
dilution refrigerator temperatures, cf. Naik et al. E} or,
in case of lower wy, or higher bath temperatures, by ap-
plying additional modest laser cooling. As an example
for the two cases, we assume a moving micromirror with

W /27 = 5 MHz, mass m = 10712 kg and quality fac-
tor Qm > 3 x 10° operated at T = 1 K (resulting in
n; ~ 4000, which requires laser cooling by a factor of
150), and a small (dispersively coupled) nanomembrane
with wy, /27 = 30 MHz, m = 10~ kg and Q,, > 10°
operated at T = 0.04 K (7; &~ 30). Mechanical quality
and temperature limit the interaction time to 7 < 20 us,
which is in principle sufficient for entanglement of room
temperature atoms and certainly enough in the case of
cold atoms. For the laser-cooled micromirror {) can be
achieved with a finesse F' = 4500 and power P = 100 uW.
Adiabatic elimination of the cavity mode finally poses an
upper bound L < 300 pm on the cavity length. For the
nanomembrane a modest finesse F' = 1100 is already suf-
ficient at a pump power P = 100 pyW and cavity length
L <250 pm.

In conclusion, given the rich toolbox of well established
interactions and measurement techniques, we expect the
proposed interface to open a new avenue in atomic en-
semble physics and nanomechanics.
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